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THE THEORY OF PROPELLERS

III-THE SLIPSTREAM CONTRACTION WITH NCJMERICM VALUES FOR TWO-BLADE AND
FOUR-BLADE PROPELLERS

By TEEODOIUI THEODORSEtN

SUMMARY

As the conditiom of the uliimute wake are of concern both
theoretically and practically, the mqnitude of the 81ip8hwam
cordracthn ha been ca.?culated. It mill be noted thd the con-
traction in a repraeddwe cwe h of the order of only 1 pewerd
of the propeli?-srdium.der. In consequence, aU cu.lculatti
n+xdinvolveonly $rst-order e@cb. Ounxx and tabltx are @en
for the contraction coejicient of two-bfude and four-blade pro-
pe.?krsfor various valwx of th advance ra#io; the contraction
wejbied h dejined aa the contraction in the diameter of tlw
wake helix in temm of the wake diameter at infinity. The
conlour lintx of the wake h.i%xare aL80shown alfmw values of
the advanceratio in comparison with the contour lines for an
in$ni.teowumberoj bla.dee.

INTRODUCHON

Since reference is often made to the wake infinitely far
behind the propeller, it is desirable to establish emtain
relationships between the dimensions of the propeller and
those of the wake helk at iniinity. The present paper con-
siders the relationship of the propeller diameter and the wake
diameter, or the problem of the slipstream contraction.

The discussion is restricted to a consideration of fit-order
effects, that is, to the determination of the contraction per
unit of loading for in6nitely small loadings only. It will be
seen that the contractions are indeed very small, of the order
of a few percent of the propeller diameter, and that the
high-order twrns are therefore not of concern. The inter-
ference velocity accordingly is neglected as smsl compared
with the stream velocity. The wake helix lies on a perfect
cylinder and the pitch angle is everywhere the same. It is
noted that the assumption of zero loading corresponds to
that used by Goldstein for a difFerentpurpose.

SYMBOLS

R tip radius of propeller
r radius of element of vortex sheet
A?’ contraction

Aro total contraction or contraction at ‘—O~–

angle between starting point of spiral line and point F’
h pitch of spiral
e angular coordinate on vortex sheet

h=E~

z

VR
v
w

G= ;
P
K

ratio of radius of element cto tip radius of vortex
sheet (r/R)

radial velocity
advance velocity of propeller
rearward displacement velocity of helical vortex

surface

number of bladea
mass coe%cient

r

K (X)

w

Y1

(circulation at radius z r= *K(Z))

F+)circulation function for single rotation ~rrow

angular velocity of propeller, radians per second

radial velocity at point P ,due to a doublet element at
8,x excepk for a constant. factor

~,=[e Cos (e+7)–sin (8+7)] [1–2&+x’&+z Cos (0+7)]
( [l+&+w-2z Cos (e+T)]~ )

Y,=K(x)
~~ y, where n=O, 1, 2, . . . p–l

sY,= ), dx

angle of contraction, mcept for a constant

‘wbr(y’=ry@)

contour line of contraction, except for a constant

factor
:Ny~=Jmy’@

‘iWcontmctionin-of‘&’ls(:w
contraction coefficient

()
: Y,

“=a’{ti2’(z-%-z%)E(k)+2’%
WI= [(;–k)~(k) +(k)]m’
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The radial velocity is abbined by using the BiotA3avart
law and integrating over the entire surface of discontin-
uity. If&O is the total contraction, the problem is to deter-

mine the ratio ~ for various numbers of blades at several

advance ratios. Simple expressions referring to zero load-
ing are used throughout.

The radial inward velocity dv~’ at the point P is calculated.
(See figs. 1 and 2.) This velocity results from an element

1

FIatum l.—Gc0metrfc rehtfonshfm of weke Mfx.

/

Flaum z—Ph vim o[wake helf.x showfng geormtrio Adonshfre.

of circulation j d-s,which is located on a spiral of radiu9 r
that starts in a plane perpendicular to the & and contain-
ing thOreference point P. The an#e between the,starting
point of the spiral line and the point P is designated ~. The
spiral extends below the plane to infinity. If the pitch of
this spiral is designated H, the element at a projected angle 6
from the starting point of the spiral is then at a distance h
below the reference plane where

,:

h=H2: (1)

By introducing the nondimensional quantities

● H

‘1

‘=27TR

‘=;

(2)

in the Biot-Savart law, the following expression is obtiined
for the radial inward velocity dva’ due to an element on
the wake helix of strengthj:

d%’=gy e Cos (e+ T)–sin ($+T)
‘[1+2?+ X%9–2X Cos (O+T)]* (3)

By Merentiating equation (3) with respect to z, the field
of a doublet element on the helical vortex sheet is obtained,
the doublet element consisting of two neighboring singlet
elements each of strength j. Setting j dx equal ta r and
dividing through by the stream velocity V gives

r G% [0cos (o+7)–sin (0+7)] [1–2&+WY+Z COS(0+7)]
~k [l+&+ x’L9-2x Cos (0+7)]%.

(4)
,

where v~ is the radial velocity at the point P.
Equation (4) may be written in the form

(5)

where

# 00s (e+ T)–Kin (e+ T)] [1–23Y+XW+Z Cos (e+ T)] ~61
[l+ X$+AW–2X Cos (e+ T)]~f

The function y, is plotted against 0+7 for four values of X
and various values of T and z in figures 3 to 6. With

r_2uvw
–FK(x)

=+%(x) (7)

where
21cwc,=
-v

=2Kiii (8)

substitution in equation (5) gives

(9)
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If the point P is at a distance h=H~ belo; the propeller,

integrating equation (9) over the wake yields

(lo)

It is noted that, with equally spaced blades, the fuiction

q Y1 (11)

isan odd function of o and

s+:;,de=o. (12)

Equation (10) can therefore be rewritten as ‘

. lK(Z)Z 91 & @

+–-%JJ+ (13)

Let

K(z)XY,’
Y2=—

Pn

JY,= :y, & t (14)

Y,= J “Y, de
e

Values of J71and Y2, multiplied by a constant factor for
convenience in plotting, are given in tablw I to IV for two-
blade and four-blade propellers for which x and o take on
various values. These functions are plotted wainst 6’ in
figures 7 and 8.

Equation (13) becomes

Now

Therefore

whence

(15)

(16)

(17)

(18)

If ~ is the radius at the propeller and 1?, is the ultimate
radms of the wake (02=0, OI=CO),

(19)

where

Y,= J “Y, de
o

Values of YSare given in tables V and VI and are plotted in
figure 9 for two-blade and four-blade propellem for which A
and o take on various values.

After all substitutions are made, the complete multiple
integral for the total contraction is obtained as

(See figs. 10 and 11.)

INFINITE NUMBER OF BLADES

For purposes of comparison, it is useful to obtain the
contraction for the case of an infinite number of blades.
By resolving the circulation into components parallel to and
perpendicular to the &s of the wake, the helical vortices
can be rep,laced by a system of vortices parallel to the axis
and anotier of ring vortices having centers on the axis.
Only the ring vortices contribute to the radial velocity.

The field due to a vortex ring of strength j and radius
r= Rx, located at a distance h below the reference point ~,

is given by Lamb (reference 1, p. 237). In the notation of
th6 premnt paper it is

fl%
+.’=–-5 ~ [(:+ m)-; w)] “ (20)

where E(k) and F(k) are the complete elliptic integrals and

4X
‘=h’

()
~ +O+z)’

As before, a doublet ring is obtained by difhrentiating
equation (2o) with respect to z. By setting

the following expression is obtained for the field of a doublet
ring:

In order to obtain the effect of the entire vortex system,
equation (21) is integrated with respect to h/Rand z as

The radial velocity
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Equation (22) may be written in the form (-J
I

)Z djdx (25)

(26)

‘-+dw”)a (24)
where K(z) is the horizontal component of the circulation

Now
coticient, which may be expressed as

JAr1W.rti 2?%-z=z.ali K(z)=(~&) (27)

the following equation is iimd.lyobtained:

;=&~(&)’aJJ[.-$~E(kl+z’pF(k)-~E(k)]p: (28)

l?or convenience in using the Legendre table-s,the second integral is written in the form

J
. h

ZI dZ (29)
h/R

where

{( % ~)E(k)+2z~[F(k) –E(k)l}Zl=a 4 tan% z- —~

and

(); 2–=4 (1+X)’ “———

or

(Sef3fig. 12 for plots of z, against I_@.)

The final expression is

(See table VII and fig. 13.j

?=fi-’k

‘{~’’(x-x-x?i!3(k)+2z%[F(k) –E(k)] )dj

INFINITE NUMBER OF BLADES FOR DUAL ROTATION
I

The contraction for a dual-rotating propeller with an
infinite number of bladw is next obtained. In this case
K(z) =1, and the radial velocity is

Since the value at the lower limit is zero and K(x)= 1 for
an infinite number of black, it follows by substituting the
value of I’ that

J%=‘ii’:Rw’‘i
where I

(See table VIII and fig. 14.) I
CONCLUDING REMARKS “’ I

The contraction coefficients are given for two-blade and
four-blade single-rotating propellem at four specfic values I

of the advance ratio. The calculations involve triplo inte-
grations and are therefore somewhat laborious and susceptible
to numerical errors. Until more convenient methods me
devised to perform this integration, it is hoped that the
valuea given in this paper will serve the purpose. It is well
to notice the small magnitude of the contraction. A four-
blade propeller with normal loading and advance ratio is
shown to have a total contraction in terms of the radius of
1- than one percent. The firaborder treatment embodiod
in the paper is therefore adequate for all technical purposes.

LANGLEY MEAIORIAL AERONAUTICAL LABORATORY,

1.

NATIONAL ABVISORY Commm EE FOR AERONAUTICS,

LANGLEY FIELD, VA., October 10, 19.4.4.
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TABLE I.—FUNCTION ;Y, FOR TWO-BLADE PROPELLER TABLE 111.-FUNCTION ~Y, FOR TWO-BLADE PROPELLER

:Y,<Y, :Y2

(do&) (de@

A.%

Q3772M
.m
.37W30
.3s140
.Z!32m

.M5170

.40242)
.. . . . . . . . .

.4376M
.. . . . . . ..-

.M70a3
. .. .. ... .

.4?47ia
. . . . . . . . .

.4Mm

:4s2070
.3731ml
.237253
. 1M4M
. lm

.M7320

. Wlo

:%
.04.wo

.Wa510

.-

. Oleao

. mmlo

.M24M

.MM!m

. Cnmlm

A-lx

–u 0X3133
-----------

A-1

–a w
-. Cw436
-. m4m
–. W39m
-. mw

-0.W291
. om14s
.muw
. m4813
?m

o

2
%

lCO
la
140
lea
180

m
m

%
2s3

w

E

%$

4m
4!20
440
4m
m

MO
m
020
W
m

740

K%
8M

&Imm
a l’wwrl
& 2m4m
& !2J14m
& mlm

-a coma
–. mm
–. @mm
–. Com!4
–. M1433

-amxim
–. mm
–. mwn
~. gl

........- -
-a m
. .. . . . . . . .
----------
-------- . .

–. mom

-----------.---.>.-.----
–. M2m

.m159.5
..--.---------

.Iw3m
--------------

.01M76
--------------

.012075
. . -- . ------- ...

. 01?075

m
m

E
Z&3

.m3162

.M3xts

:=
.W1205

a25wo
azam
7.745933

!%%%

2. 41mm
!2612!Ml
2a2Krl
!z2a?f01
!a246wl

~.
–. men
–. Com9

.M?io7

–. m
–. MEsa
–. m
–. MEW
-. MEW

–. m1316
–. IM13S3
–. Wlw
–. W3m
–. mum

..........
–. mm

4m
m

E
O&3

.MM22

.M12im

.Cm4m

.m145

.Mm31

.0nm7

. mm

.mm

. mm7

.mm-i

.rnw

.mw9

.@xms

:%

.cwan

.m178

.mm

.M3102

.ml12

-. WM13U
–. aMM9
–. m
–. W@29

.m

–. mm
–. MMmo
–. m
–. m224

. M3a2

–. mum
-. mmm
–. CKD769
–. WI.M4

.m

22MO0
2Lc@3m
1. 734CW
L4049M
L lWM

.011070

.m

.m&i’0

.M2470

. Wlom

700
7m
8M
m

.m149

.m175

.-

.m

.Wlm

. m3131

.M3361

.M20m

.mm4

. 0W274

. M3247

. Mm21

. mm

. owm

–: Ku

.m

. W7

.Oxnm

.m

. ml
–. MwJ3

.m

.Smml

.m

. 74S4M

.740403

. 0744M

.L-mM23

.mleu
–. m

. cnx149

.am212

.m

. m14

–: l%%
–. m

.m14m

.W

.24e4m

.231403

.lmlm

. lm

–: w–.m

.Cmw5

.@ml!4s

.Cum7

.m

.m

.M)2m

.Wu3m

.Cm343

.Cm232

.C0311z

.Mxm4
Sc#&

–:%%
.m

i%
. m7

TABLE 11.—FUNCTION ;Y, FOR FOUR-BLADE PROPELLER TABLE IV.—FUNCTION ;Y, FOR FOUR-BLADE PROPELLER

.

r(d!&!)
;Y2 :Y,

(de&) (&
x-~ k% 1=1 x-lx

o cl024414 0 a g;n’z&
.a24414

c1Oomls LM5175
2 . mmls

# . m4416 4
. MEJ07

al
. Olm . M7918 . CW723
. Olm . mmls

40 x%’
.Wm4

: .017278 . mmls . M3214

.amw
1% .-

; :1 . M7918
M

. 02mm 40
.m

. 0M70
:1%%#

:
.CKEs73

. 01s?23
. mu36

. 013s39
w . olm49

. Mmm .QlK02
% .Mwia .M23m . ms

ml . 013M0 100 . ms . 001.?24 .MJw
. o121F.@! lm .-

?4 . Olmsa
. mlo14 .W

MO . M401O
1s0 . ml

.W
lea

. ml.i
. m3112

lm .033444
.Ccwo7

W .CEaK3 .Mt266 :%

.0m951 m
M

. Wlsm . mllm
.M6m3

. M)136
. 0314s3

. M4m
. Mm31 . CMmr2

i% . WIHS3
%! .M4m2 m

.m
.W

270 .W
MIX

m . m44 .mxlm :=

.Km3s 3m .MKJM . WBXI1O
% 3M . WU72
330 :M%i

–. m
340

:%%

m
.MEv3 -. mlo

. rnw 3m
.m

.Mr471
m . mm2 3s0

-. wm9
. m192 –. COmzl

Zm . mwo 4m . mm -. M3m3
410 . mum 4!20 .m
m .m 440

-. ml

4m
.Mm40 .

. M3754
4m .m

4W .Cm367
610 .Mn2m
630 . @m376

;Yi

X-)f

ammo
-. 0m3m

i%%l
L 8W20

–a m
–. m
–:=

.ml

-...-.----
-.----- ---

----------
–(L CaMll

..--------
-0.034211

. . . . . . . . . .

. . . . . . . ..-
----------
----------
–. o11374

---.-.----
2.870453
3,849270
4.m4eim
4.m
4. MT13m

2. 64M80
208mlo
L-
.821510

L 0171C41

.m
----------

.M3ml

.W1704

.Mlm5

. mm

. mm2
----------
–. Mm2

.Cmlm

.13m4

.2.WJM8

%.%

.Mlmo

.@Moo

. 0m423

. m4174

. M2161

. mw

.Cwrw

.amsd

.am4s

.mz24

.M2B34

.Ma23

.M31U3

. CKU577

.m

ml
2s0
2-M
-w
4m

.M277u

:$%%
. 2177M .
. M41m

.11273U

. T21ea

.075117

. W8218

. 04uml

.@m2z3

.Cm224

. WJ214

. mm!

.m

. OKuol

.m

. CWB357

.rm148

. cax07

.164010

. mum

. 0234MI
–. Oiwm

.0w123

.024mE1

.021130

.017W3

. 01404s

.cm170

.Cmu30

.Cmlcm

.MxD32

.aoM2

.011174

.M3m9

.M7762

.CIM4m

.m40m

.Mm2

.M3)16

–:%%
–. w

.Mm25

.Cmm

.m

. Kr374s

:IE%

–. m
–. CoMM
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TABLE V.—FUNGTION ;Y, FOR TWO-BLADE PROPELLER
TABLE W.—CONTOUR LINES-SINGLEROTATING

Arl

FE
h\R

?.+
— .

CL=
M

.M747 2.6

.01148 :;

.01793 .

.E%s3 L4

.04733 LO
.8

::

.2

.1

;Y,

(d*&) (d*@

:
4

:

:
30
40
53

al

R

12

rim
140
Ml

E

220
240
m
2s3
3m

320
340
WI
m
4m

m

h/R b/Rh\R

4.0
&o
20
1.6
L2

.8

.4s

?.-% A-1x-%

0. 01M44
. Olmml
. Olmm
.016311
. 0133M

A-1

o. M!2141
. maM4
. roles
. Mzlm
. W2191

A=lx

).@m302
--------

.---..-.-

....-----
---------

. IX0748

.m135.5

. Mm21

. @ma.!!

.@Na44

. K0310

.Ku%4

.m

.C0x@5

.m

.Cw439

.Cw3n3

.-

. IW3148

. mul

.Cumm

.m

.Cm148

.m

. CUQ17

. m7

:%%
. ml

O.m

:E
:=
.Olm
. 01W3
. W4$J
. m247
.04332

:%%

40
3.0
26
12
1.8

L4
1.0
.8
.6
.4

:L

acmm
.031.s23
.Cmwl
.(W24
.C0326

.C0?37

.01446

.01812

.02312

.Umm

: Pm

40
*O
26
!L2
1.8

1.4
LO
.8
.46

am
. C41148
.mTn
.m332
#m467

.m7!m

.01107

. 017E5

.Omm

.02m7

.0250m

. U23249

.017833

. OMO.55

. o13m2

.011670

.01C649

.COaml

.Cu3448

.mn92

. C03381

.M34m

. m4734

.m4139

.aQed4

.aG2m

:%$%
. CmM2

. 01s221

.014474
.C02nl
. m2217

-------
.o12e13

-------
.m-ml
-------

.011197
..-----
.Cuz?s2
-..----
.m7w

.Cmm2
-------
. cm4cn
-------
. mlcw

.M5732

. M4148

.032927

:%%

. W2i7

. KIIW!J

.Dm37

.0mn2

.C0M41

.mmis
;=

. mlm

.Cmwi

TABLE VIII-CONTOUR LINE8-DUAIFROTATING

.m

.Cm153

. WKU7

.Cmm

. ml

-%+-hlR

10. w
9.60

:$
am

7.60
7. al

t%’
6.66

CL=

:%%!.WXd3

.@w$l

.Wm37

. W1074

. aJ1472

. 0u8m

:%%
. M3716
. M4671
. ml=

.ImEs9

. 0133M

. Olmm

.OfdE.m

.635SAI

MO

E
660
m

.031318

.C013!42

. WI

.CUM25

.Ix0232

.Cm276

. m146

.C@m36

. Ccm.n

.Wox6

.am22

. Dm314

.Cmxm

.m

.m

-: %%
-. mm

.ml

hoo

M’
3.&l
Lcm

TABLE VI.-FUNCTION :Y, FOR FOUI-BLADE PROPELLER

2KI
2cm
1.76
Lrn
L25

+’a :Y,

(& (d*&!)
A-M L-1 l..

:2
.40

.03349)

. 044’m

. Wii340

. Cwlm

.0m40

CLM7786

:&iE
.C5ia6
. am7b7

uL3-m&

%%J
.Cmw
.027637

. --------
. 0213s4

...- -.—

. Olmll
.— -—---
. Olmsu

.-- —----
. M3157

. M7’m3

.M!Fd2

.C0i23s

. m3314

. m2m4

.C0w3

. WJ1643

. Imll&

.amw

.Oxem

. WU62

.Wm37

. mm

. Moue!

. ml

.COx&a

a O1OSI3
.010233

%%J

. f10131

.Mi7m
----------

. mm

Qm

.07M70

.C@34m

.M6370

.C@32m

. 1012M

.W3s49

.Wz4m

:%%%’
.031732

.aM#2

.mB2

.M27m

. M.2131

. OwMo
.10
.05

. llCEBI

.1232m

.02a167

.0m392

.a2E@5

. Olwam

. Olmm

.mm
----------

. M1’J16
—--------

. 0311s5

.m12e7

. U)lwo

.UxBM

.m

. @M38

.0133M

.011148

.0?a2a3

.M77w

.W

.mm

.awm

.@m67

. ComJ
mum

.W

. mxJ343

.aws

. mln

. mm

:%%
.KQ461
. m748
.M2133

.amm

–: w%–.Cmm2
–. WOle

.Wc@3

.mm!a

.0mc29

.m15

.m

. m1621

. ml181

:=
.CmQM

.m
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